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Cloth

Small squares are deformed into small rhombuses.
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Which surfaces can be “clothed” ?

Definition : A surface is “clothable” if it can be parameterized by
some Φ : U ⊂ R2 → R3 such that the vectors ∂Φ/∂x and ∂Φ/∂y
have norm 1(but maybe non orthogonal).

g = a(x , y)dx2 + 2b(x , y)dxdy + c(x , y)dy2

a = c , b = 0 : conformal coordinates.
a = 1, c = 1 : Chebyshev net.
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Clothable surfaces

Theorem : ALL surfaces are LOCALLY clothable.

We may need a huge number of pieces to cloth a given surface.

“Proof : ”
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Hammock
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A theorem by Chebyshev ?

Theorem : On can cloth a sphere with TWO pieces, each covering
a half sphere.
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La coupe des habits
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Better...

Theorem : On can cloth a sphere with ONE piece.

Étienne Ghys Rio de Janeiro, April 2011



The template
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Clothing the sphere
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Theorem [Bakelman, Samelson] : A half sphere can be clothed.

Theorem [Burago, Ivanov, Malev] : A simply connected surface
such that

∫
K+ < 2π and

∫
K− < 2π can be clothed.
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A few words about the proofs

∂2Φ
∂x∂y = ∂

∂y
∂Φ
∂x = ∂

∂x
∂Φ
∂y

∂2Φ
∂x∂y is orthogonal to the surface.

Hence ∂Φ
∂x is parallel along the y -curves.

The geodesic curvature of the x-curves is ∂ω(x ,y)
∂x .

The geodesic curvature of the y -curves is −∂ω(x ,y)
∂y .
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Gauss-Bonnet formula

∫ x1

x0

∫ y1

y0

K (u, v) sin(ω(x , y)) dxdy = ω(x0, y0)−ω(x0, y1)+ω(x1, y1)−ω(x1, y0).
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Gauss-Bonnet formula
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Hazzidakis formulas

∂2ω

∂x∂y
= −K (x , y) sinω(x , y).
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A partial differential equation

If one wants to cloth the sphere, the angle ω(x , y) has to satisfy
the following PDE.

∂2ω

∂x∂y
= − sinω.

This is sine-Gordon PDE.
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sine-Gordon pde

∂2θ

∂t2
=
∂2θ

∂x2
+ sin θ.
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An ordinary differential equation

There is a unique solution of this PDE of the form ω(x , y) = U(xy)
where U is a smooth function from R to R such that U(0) = π/2.

d2U
dx2

+
dU
dx

+ sinU(x) = 0

U(x) =
π

2
− x +

x3

18
+ · · ·
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A series

U(x) =
π

2
− x +

1
18

x3 − 7
1800

x5

+
521

1587600
x7 − 31139

1028764800
x9

+
18279367

6224027040000
x11

− 11159392859
37866980511360000

x13

+
25289583956249

834966920275488000000
x15

− 4078693576473449
1286962346451285504000000

x17

+
15185544082366872679

45158479167098447306956800000
x19

− 21133178727426263957897
585732038608541625363763200000000

x21

+ · · ·
Étienne Ghys Rio de Janeiro, April 2011
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A few words about the proofs

The metric

g = dx2 + 2 cosU(xy)dx dy + dy2

is a non-degenerate Riemannian metric away from the hyperbolas
xy = ζ where U(ζ) = kπ.

One shows that there exists a unique “isometry” Ψ from the plane
R2 equipped with g to the round sphere....

Ψ : R2 −→ S2
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A few words about the proofs

Ψ : R2 −→ S2

x ∈ R 7→ Ψ(x , y0) is a curve on the sphere parameterized by arc
length whose geodesic curvature is ∂U(xy0)

∂x .

One establishes that there is an open set Ω in the plane (the
template) such that the restriction of Ψ to Ω is a clothing of the
sphere (minus four geodesic arcs).

Étienne Ghys Rio de Janeiro, April 2011
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A differential equation

x
d2U
dx

+
dU
dx

+ sinU(x) = 0

W = exp(−iU)

d2W
dx2

=
1
W

(
dW
dx

)2

− 1
x
dW
dx

+
1
2

(1−W 2)

x
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Painlevé equations

d2W
dx2

= R(x ,W ,
dW
dx

)

Painlevé property :
“All movable singularities are poles”
Six Painlevé equations PI ,PII , ...,PVI .
Painlevé III :

d2W
dx2

=
1
W

(
dW
dx

)2

− 1
x
dW
dx

+
αW 2 + β

x
+ γW 3 +

δ

W

α = −1/2 = β and γ = δ = 0
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Painlevé equations

Complex Hamiltonian differential equations.
“Conjecture” : Complete integrability for evolution pde is related to
Painlevé...
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Complex clothing...

W = exp(−iU)

cosU = (W + W−1)/2.

g = dx2 + 2 cosU(xy)dx dy + dy2

is a meromorphic metric on C2 with curvature +1.
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Complex clothing...

Theorem : There is a meromorphic clothing
C2 → {x2 + y2 + z2 = 1} ⊂ C3.

The “complexified sphere” is P1 × P1 \∆ with the metric dudv
(u−v)2

.

Theorem : There is a holomomorphic clothing C2 → P1 × P1.
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A remark

Changing signs :

∂2ω

∂x∂y
= + sinω,

We get a clothing of (a part) of the hyperbolic plane.
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Clothing part of the hyperbolic plane.
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Clothing part of the hyperbolic plane.
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Embedding the hyperbolic plane in 3-space
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Embedding the hyperbolic plane in 3-space
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Embedding the hyperbolic plane in 3-space
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Hilbert’s proposition

Theorem :

Asymptotic lines on a surface of curvature −1 define a
Chebyshev net.
The Gauss map of a surface of curvature −1 defines a clothing
of (part of) the sphere.
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Hilbert’s proposition

−→
N (p) unit vector orthogonal to S at p.

Gauss map :
−→
N : S → S2.

Shape operator on the tangent plane
A(−→v ) = D

−→
N (−→v )

Second fundamental form on the tangent plane
IIp(−→v ) = A(−→v ) · −→v

Eigenvalues are the principal curvatures.

Determinant is the Gauss curvature.
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Hilbert’s proposition

A =

(
α2 0
0 −α−2

)
.

Second fundamental form is α2x2 − α−2y2.

Isotropic vectors are f1 = (α−1,−α) and f2 = (α−1, α).

A(f1) = (α, α−1) = f ⊥1 ; A(f2) = (α,−α−1) = −f ⊥2 .
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Hilbert’s proposition

Local parameter (x , y) 7→ F (x , y) ∈ R3 so that asymptotic
curves are x = const and y = const.

∂F
∂x

= −
−→
N ∧ ∂

−→
N
∂x

;
∂F
∂y

=
−→
N ∧ ∂

−→
N
∂y

.

Derivative w.r.t. y + derivative w.r.t. x :

∂2F
∂x∂y

=
∂
−→
N
∂x
∧ ∂
−→
N
∂y

.

∂2F/∂x∂y is orthogonal to S
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Hilbert’s theorem

Theorem : There is no smooth embedding of the hyperbolic plane
in Euclidean space R3.

Hint : (Hazzidakis formula)

∫ x1

x0

∫ y1

y0

K (u, v) sin(ω(x , y)) dxdy = ω(x0, y0)−ω(x0, y1)+ω(x1, y1)−ω(x1, y0).
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Amsler surface
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Amsler surface
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Media File (video/quicktime)



Amsler surface

Theorem : This surface extends to a meromorphic map C2 → C3
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Pierre Gallais
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Clothing an ellipsoid
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Back to clothable surfaces

Theorem : Let S be a compact Riemannian surface (or more gene-
rally with bounded geometry). Let γ1 and γ2 be two geodesics inter-
secting at γ1(0) = γ2(0). Then there is a unique globally defined “clo-
thing” Φ : R2 → S such that Φ(u, 0) = γ1(u) and Φ(0, v) = γ2(v).

Be careful, it may be the case that Φ is not onto.

Corollary : A convex surface whose curvature is almost constant can
be clothed with only one piece of cloth.
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Back to clothable surfaces

∂2u
∂x∂y

= Γ111
∂u
∂x

∂u
∂y

+ Γ112

(
∂u
∂x

∂v
∂y

+
∂v
∂x

∂u
∂y

)
+ Γ122

∂v
∂x

∂v
∂y

∂2v
∂x∂y

= Γ211
∂v
∂x

∂v
∂y

+ Γ212

(
∂v
∂x

∂u
∂y

+
∂u
∂x

∂v
∂y

)
+ Γ222

∂u
∂x

∂u
∂y
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Ellipsoid
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Ellipsoids

x2

a
+

y2

a
+

z2

a
= 1 (E (a, b, c))

ds2 =
1
4

(u−v)

(
u

(a − u)(b − u)(c − u)
du2 − v

(a − v)(b − v)(c − v)
dv2
)

Question : Does the clothing

R2 → E (a, b, c)

extend to a holomorphic clothing

C2 → P1 × P1?

Is this given by some Painlevé III equation ?
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